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Leading Branches of the Transfer-Matrix Spectrum for
Lattice Spin Systems (Quasi-Particles of Different
Species)
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For lattice systems under high temperatures 7" with compact or finite spin we
construct three invariant subspaces of the transfer-matrix, which can be inter-
preted as the spaces of states for quasi-particles of two different species and the
space of states for two particles of the first species. We formulate a condition on
a priori distribution guaranteeing that the spectrum of the transfer-matrix on
these subspaces are not overlapping.
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1. INTRODUCTION AND MAIN RESULTS

We consider a Gibbs spin field on the lattice Z"'=Z9x Z (“space” x
“time”’) with a nearest neighbor interaction. The spin takes values from a
compact set S = R!, and let v be a priori spin probability distribution on S.
The stochastic operator 4 of the corresponding Markov chain is known as
the transfer-matrix. It is a self-adjoint operator in a corresponding Hilbert
space #. The goal of the paper is to study the structure of the leading
invariant subspaces of the transfer-matrix and to find the corresponding
upper branches of the spectrum of the transfer-matrix (or what is the same,
the lower spectrum branches of the Hamiltonian H = —11n 7 associated
with a lattice quantum system) under high temperatures 7 = ! > 1.

Our constructions are the following. An invariant subspace # < #
with the corresponding transfer-matrix spectrum of the order f is found
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first. The subspace # has the following structure. There exists an ortho-
normal basis {u,, xe Z?} in . The elements of the basis are marked
by points of the lattice Z“, and %u,=u,,, for any x,se Z% where
{#,,seZ*} is the unitary group of the space translations acting in 7.
Hence the subspace # is cyclic under the unitary group {%,, s € Z%}, and
it is similar by the structure to a space of quasi-particle states in physics.
For this reason we call J# as the one-particle invariant subspace of the
transfer-matrix. Let us note that after the Fourier transform

u, > expli(4, x)}, xeZ% LeT?

we get the unitary transformation of the space J# to the Hilbert space
L,(T?) of functions defined on a d-dimensional torus 7¢. Here T is the
space of quasi-momentum of our “particle.” In this case the transfer-
matrix is unitary equivalent to the operator of the multiplication by a
function c¢(A), A€ T% and the energy of the “particle” is determined by
—3Inc*(A).

Next we construct an invariant subspace #;, such that the transfer-
matrix spectrum on % has the order 8% and in the orthogonal complement
to the sum of subspaces #; ® # ® #;, where #, = {1} is the space of
constants, the transfer-matrix spectrum has the order B°. Therefore our
constructions imply that the whole spectrum of  of the order 2 is the
same as the spectrum of J restricted to 4.

Then we prove, that under a certain condition on a priori distribution
v (non-even, in general) on S with #S > 2 the invariant subspace #; could
be decomposed into an orthogonal sum of subspaces

Hy=HP & HY, )
and the spectra of 7 on these subspaces are not overlapping:

(T ep) 0 0(T 1) = B @

Both subspaces in (1) are invariant with respect to 4 and the unitary group
of the space translations {%,, s€ Z‘}. The subspace H# ? has a so-called
two-particle structure, it describes states of two particles of the first species,
associated with the subspace #,. The subspace #{" has a structure, which
is completely similar to the structure of the one-particle subspace #,. The
decomposition (1) together with the spectral analysis of the transfer-matrix
on the subspaces #$ (j =1, 2) are the main results of the paper.

As follows from our constructions below, the spectrum branch
(7 |4p) can be found both above and below to the spectrum branch
(7 |»@). This fact together with the internal one-particle structure of the
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subspace #" is the main reason, why we propose to interpret both of #;
and #°$" as the spaces of states for different species of quasi-particles. Let us
note that the interpretation of #{" carries a purely terminology convention.
Many authors propose to consider bound states of two, three, etc. particles
as states of a new single particle, and our results confirm this standpoint.

This paper is inspired by refs. 1 and 2, where the similar results have
been obtained using the Bethe-Salpeter equation method. However, the
spectrum of |, was found in refs. 1 and 2 only in the case, when it lies
strictly above to the spectrum of J7|,». We don’t impose here this restric-
tion, but we need the compactness of the spin space S (since cluster esti-
mates, obtained in refs. 3 and 4, hold true only in the case of a compact
spin space).

Let us remark, that in the general case the structure of the two-particle
invariant subspace #{” can be complex. It can contain by itself some
additional two-particle bound states, associated with values of the quasi-
momentum running some regions of the torus 7, see, for example, ref. 5.
Here we don’t consider the problem of the existence of these two-particle
bound states of the operator 7| ,@. This problem requires a more detailed
spectral analysis of the transfer-matrix. A partial case, when S ={—1, 0, 1}
and v is a symmetrical distribution on S, was studied in ref. 6, where the
authors found the spectrum of 77, completely, including two-particle
bound states.

The problem of the existence of two-particle bound states has been
considered also in quantum field theories. This problem was studied in
weakly coupled Z(¢), quantum field models by many authors, see, for
instance, refs. 7-9. The results as well as the methods of the papers of
refs. 7-9 are different from the results and approaches of this work. Con-
tinuous quantum field models are considered as perturbations of the
Gaussian field. The Gaussian field is associated with a “free system,” and
the spectrum of the Hamiltonian of the quantum system appears to be
close by the structure to the spectrum of the Hamiltonian of the “free
system.” In our paper we study perturbations of an independent (non-
interacting) field, resulting in a different structure for the spectrum of the
transfer-matrix.

We now describe the model and state results. Let (S, v) be a single spin
space. Here S = R is a compact subset of R and v is a priori probability
distribution on S. We suppose that

suppv==_, and #S > 2. 3)
Denote by Q = SZ"" the space of configurations

o={o(x),xeZ"'}, o(x)esS,
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and let

Zd+l

Ho =V

be the free measure on 2. The formal Hamiltonian of the system has the
following form:

H@)=- ) oa(x)-o(x).
x,x' € z4
Ix—x'|=1
We consider here the high temperatures case, when f=T"'<<1. The
corresponding Gibbs measure on £ is denoted by ;.
Let e, be the unit vector along the “time” direction, and

Y, ={x= (X150, Xg11) € Z i x4 =k} = Z!

is the kth “time slice,” k € Z. Every configuration ¢ €  can be written as a
sequence

0=/{...,0_,00,0,0,,...}, 4

where g, = aly,_€ §%' = €. In addition u, is the distribution of a stationary
Markov chain (4) with the state space €2, and the invariant measure
Ty = Ugls,, Where X is a g-algebra generated by ©,. The stochastic opera-
tor  of this Markov chain is called the transfer-matrix of the system. The
operator J acts in the Hilbert space # = L,(£,, ;) = L,(£, u,) of func-
tions dependent only on the configuration g, € ,. The matrix elements of
J could be written as:

(yf’g)=<f(al)'m>yﬁa f’ge‘#' (5)

We formulate now the main result of the paper. Let m, = (c*), be the
kth moment of ¢, and the orthogonal complement in # to the subspace of
constants #; = {1} = A is designated as #”' = # © #;. We consider two
elements from #':

g—m, 0-2 —nm,,
and define their second moments:
I = <(0'_m1)2>v =m, _m%a
L= <(0'2_m2)2>v =m4_m§7 (6)

I ,= <(0_m1)(02_m2)>v =nms;—mm,.
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From our assumption (3) it easy follows that
I, >0, I, >0, LL—-1,>0

Let us denote by
d =1, dy=1——=>0, @)

then the following theorem holds.

Theorem. Let > 0 be small enough, and
di #3d,. ®)

Then the space #' could be decomposed into direct sum of mutually
orthogonal subspaces:

H' =HOH & AP A, (€)

which are invariant with respect to the transfer-matrix 4 and the unitary
group of the space translations {U,, s € Z°}.

The spectra of  on these subspaces are not overlapping and meet the
following conditions:

U(fbfl) < (dlﬁ_clﬁ2’ dlﬂ"‘clﬁz),
U(ng”) < (%d2ﬂ2—02ﬂ3, %d2ﬂ2+czﬂ3),
‘T(g-bf;z)) c (dif*—c 3 dip>+c B,

0(7|;f3) < (_C4ﬁ3: 0453)

(10)

with absolute constants ¢; >0,i =1, 2, 3, 4.

The proof of the theorem is based on the general approach to the
investigation of leading branches of the transfer-matrix spectrum for lattice
systems, which has been developed in the books of refs. 3 and 10. Here we
will essentially use results and constructions from these books.

Remark. We study here the ferromagnetic (f > 0) lattice spin
systems. However the similar results hold also for any small f. In the
general case we have the same decomposition as (9), but the corresponding
spectrum branches (10) could be found on both sides of the origin.
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2. PRELIMINARY CONSTRUCTIONS

We remind here shortly main steps from refs. 3 and 4, constructing the
invariant subspaces of the transfer-matrix.

2.1. A Multiplicative Basis in 7’

We denote by {v,,k=0,1,2,...} a finite or countable orthonormal
basis in the space &= L,(S, dv), which is a result of the orthogonalization
in 4 of the monoms 1, g, ¢?,.... In particular, v, = 1 and v; #0, v, # 0:

I
o—m az—mz—%(o—ml)

i

where the constants I, I, ,, d,, d, are defined above by (6) and (7).
Then we could construct an orthonormal in J# system of the functions
{05 =05(00), k=0,1,2,..., xe Yy}, using the same reasoning as in ref. 3.
These functions appears to be a small perturbation of the functions {v;},
and the following representation holds:

(11

73(0) = v.(6(x)) +wi(o), 7p=1, o€, (12)
and
lwi (o)l < CB,

C is an absolute constant. Let I' = {k(x), x € Z}, k(x) > 0 are nonnegative
integer-value functions with finite support (multi-indexes), then the functions

Yr = 1_[4 ﬁi(x), supp I" # &, (13)

xeZ

form an orthonormal basis in J#’.

2.2. Cluster Expansion for the Matrix Elements of 7 in the
Basis {y/}

Using (5), the structure (13) of the orthonormal basis and the general
expression for moments of random variables by its semi-invariants (see, for
example, ref. 10) we obtain the following representation for the matrix
elements of the transfer-matrix in the basis {{}, supp I" # &:

(TYr,Yr) =<Yr(a,) 'WF’(O-O)>/1/3 = z Dy Wy, Wy, . (14)

Ay,.... d) =T, I")
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Here I' = {k(x), xe Z4}, I = {k'(y), y € Z°},

Wy =W,y = < n,d 5i(x)(01), nz," 5%'(y)(0'0)> (15)
ye

xeZ Hp

is a semi-invariant for the functions of the form (12). The summation in
(14) is over all partitions (4,,...,4,) of the pair (I",I"') on subpairs
A, = (I;, I'}), such that
(1) suppl;# &, suppl’;#J,
(2) supplinsuppl;=(F, suppl;nsuppl’;=, i#]j,
(16)
(3) U suppI;=suppl, () suppl;=suppl”,

4) I(x)=k(x), xesuppl;, I'(y)=k'(y); yesuppl;

2.3. Cluster Estimates

Let us consider a multi-index I” with support on Y;, I' = {k(x), x € ¥} },
and supp I’ <Y, as before: I'" = {k'(y), y € ¥,}. The semi-invariants (15)
satisfy the following estimates:

|wA| < B(Cﬂ)"(ﬁ)’ A = (F’ 1—”)9 supp I'c le’ supp F, < YO (17)

with absolute constants B, C, and
Kk(4) = min <Z di(b)>, (18)
@ b

where @ = {®(b)} is a nonnegative integer-value function defined on the
bonds b of the lattice Z¢*!. The function @ meets the following conditions:

(1) supp @ is a connected sub-graph of the lattice Z?+%;
(2) foranypointxeY, UY,

Y, P(b)>

b:xedb

{k(x), x e, (19)

K(x), xel,

with I' = {k(x), x e ¥, }, I'' = {k'(x), x € ¥, }. A set of vertices of the bond b
is denoted by 0b.
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The representation (14) together with (17)-(19) imply the following
estimate on the matrix elements of the operator J adapted to our case. Let
us consider a function £(A4) defined on the pairs A= (I, I'"’"), supp I’ < 1;,
supp I’ = ¥,:

1 ev
5(A)=d(A)+§[ ZY (k(x)—n(x)), + ZY (k’(X)—n(x))+} (20)

Here d(4) is the length of the minimal connected subgraph 7 on the lattice
Z%*! such that

supp I" U supp I’ = 0r,
and n(x) is a degree of the point x € 07, n(x) =#{bet:xedb}, (m), =

ew__ | M, if M iseven,
max{0, m}, [M]* = M+1, if Misodd.

We denote by
I, )= min Y &(4), 21
(Al,Az,-u,An) i=1

where the minimum is taken over all partitions (16) of the pair (I, I"").
Then the following estimate holds:

[(TYr, ¥r)l < BCH T (22)

with absolute constants B, C.

2.4. The General Construction of Invariant Subspaces

Let a Hilbert space 5 is decomposed into a direct sum of orthogonal
subspaces

Then the decomposition (23) implies the following matrix representation
for any bounded self-adjoint operator L:

L L
I = < 1 12 ) 24)
L, Ly

with L;;: R, - R,;,i,j=1,2. We'll formulate below conditions, which
guarantee the existence of a unique invariant subspace #, < # of the
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operator L, “close” to the subspace %, in the sense that the subspace
has the form of the graph

H={ww=v+Sv,ve R} (25)

of an operator &: #, —» #, with a small norm ||.S].

Lemma 1. We suppose that there exists a bounded operator L},
and

(1) Ll ILE =g <1,

) ) 1—g (26)
(2) "L21 ” : ||L111|| = ”le” : ||Ll11 " =¢&e< T

Then for 6 =12—fq there exists a unique invariant subspace # <= # of the

form (25) with ||S|| < 4.

Proof. The condition of the invariance for i with respect to L
could be rewritten using (24) and (25) by the following way:

S(Lyy+L;,S)=Ly, +LyS
or
S=LyLi'+Ly,SLy' —SL,SLy = Z(S). 27
The right-hand side of Eq. (27) could be considered as a transformation
T L(Ry, By) > L(R,, &)

in the space of bounded operators from %, to £,. It is easy to check that a
ball in £(%,, R,) of the size d = {*,:

Bs ={S€ L (R, ) : S| <}

is invariant with respect to the transformation 4. In addition & is a con-
traction on %;:

17 (S)— F(S)I <k|S,—S,|| with k<1 forany S,,S, € %;.

Consequently, Eq. (27) has a unique solution inside %;.
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Corollary 1. If % is a unitary operator in # commuting with the
operator L, such that £, and £, are invariant with respect to %, then
under conditions of Lemma 1 the subspace #] (25) is also invariant with
respect to %.

This statement follows from the observation that if S € 4, is the solu-
tion of (27), then the operator #S%~' also satisfies Eq. (27), and
USU ' € Bs. Hence US% ' = S, i.e., % commutes with S, and the subspace
J, is invariant with respect to %.

Corollary 2. If {v,, « € A} is an orthonormal basis in #,, marked by
elements of a set 4, then functions

U, =y (Eg +S8*S), 72 (vy+Fv,) (28)

o' eAd

form an orthonormal basis in the invariant subspace #]. Here Ej, is the
identical operator in %,, S*: #, — %, is the conjugate operator to S, and
we denote by K, , matrix elements of an operator K: #, — £, in the basis

{v.}-
Corollary 3. For any function g =v+Sv e #, v e #, we have
Lg=(Ly+L,S)v+S(Lyy+Ly,S) v, (29)

so that the operator L|, is similar to the operator (L +L,,S) acting
in %,:

(Ep,+8) "' L(Eg +S)=L,,+L,S
where (Eg, +8)7": A, — Z, is the inverse operator to (Eg, +S): &, - A.
Corollary 4. The orthogonal complement to 5
Hi=HOH

is also invariant with respect to L. Similar reasoning shows that the sub-
space i is the same as the graph of the operator (—S*): #, » %,

Hi={ff=u—S*u,uedR,} (30)
By analogy with (28), functions

wp= 3 (Eq,+SS5'} (up —S*uy) (31)

p eB
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form an orthonormal basis in 7, where {u;, f € B} is an orthonormal
basis in %,.
Since for any function f =u—S*ue #71, uec R, we have
Lf=(Lyp—LyS")u—S*"(Ly—LyS*)u, (32)

then the operator L|,. is similar to the operator (Lo, —L, 8 in %,.

3. THE INVARIANT SUBSPACE .7,

In this section we start to prove the main theorem using the above
constructions. The first step of the proof is to find the invariant subspace
H, < H#'. According to the reasoning of the previous section, we consider a
decomposition of our Hilbert space 5’ on two orthogonal subspaces:

H' =R ®R,, R, LR, (33)
Here R, is the linear span of the functions of the form (12) with £ = 1:
Ry ={Yr(00), II' = 1} = {#1(00), x € Yo} 34
(so that the functions 77, x € ¥, form the basis in R,), and
Ry, = {Yr(00), II'] > 2}

with
[Tl =Y, k(x) for I'={k(x),xeZ%}.

The decomposition (33) implies the matrix representation for the transfer-

matrix
a7 a
g_ _ ’/11 e/12 > (35)
In In

with 7, ;: R, > R;, i, j =1, 2. Then the following estimates hold.

Lemma 2. For small enough g the operator 7 ;; exists, and

1701 < (36)

2
dip’

where d, was defined by (7).
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In addition
max{[| 7, 17, 1721} < C, B2 (37)

with an absolute constant C;.

The proof of Lemma 2 is given in Appendix A.

Applying now Lemma 1 to the decompositions (33) and (35) together
with the estimates (36) and (37) we construct an invariant with respect
to J subspace 4 = #' of the form (25). The corresponding operator
S: R, — R, meets the following estimate:

IS < CB, (38)

with an absolute constant C.

Since the representations of the space translations {%,, s e Z‘} form
the group of unitary operators commuting with J, and the subspaces
R;, R, in (33) are invariant with respect to %,, then Corollary 1 implies that
J#, is invariant with respect to the unitary group {%,, s € Z?}. In addition
for any x, s € Z¢ we have

%sux = ux+s (39)

where {u,, x € ¥} is the orthonormal basis in #] constructed by (28) from
the functions {57}. The representation (39) means that the subspace
is cyclic with respect to the unitary group of the space translations
{U,,seZ", so that 7 has the so-called “one-particle” structure, and it
could be called as a quasi-particle states space.

Corollary 3 implies that the spectra of the operators J; = J,, and
(91, +7,8) in R, are the same. Using the estimates (36) and (37) and the
results (59) from the proof of Lemma 2 (see Appendix A) one could easy
obtain that the spectrum of 7 lies in a C8*neighborhood of the point d, B:

(7 \w,) = (dif—CB*, d, f+CP?)

with a constant C.

Finally using the construction (30) of the orthogonal complement # ;-
and the formulas (31), (32), (37), (38), (59) we have, that the spectrum of
the operator 7|, belongs to a C, p*-neighborhood of the origin:

(T |wt) = (_élﬂza 5152)

with a constant C, > 0. Thus all statements of the theorem concerning to
the first invariant subspace are proved.
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4. THE DECOMPOSITION OF THE SUBSPACE # 1

In this section we get first a decomposition of the space #; into two
subspaces invariant with respect to J and {%,}:

Hi=H0 K, (40)
with 6(7 |,,) ~ ? and 6(7 |, ) ~ B°. Then we find that
Hy=HP AP (41)

and prove that the spectra J on #$" and #P respectively are not
overlapping. Thus the decomposition (9) will be constructed.

4.1. Decomposition (40)

By Corollary 4 the functions

$r(0'0) = Z (ER2 +SS*)1_",11/"2' (‘pr'(ao) _S*wr'(ao))a 42)

r:\ri=2

marked by multi-indices I" with |I"| > 2, form an orthonormal basis in #; .
Let us consider a decomposition of #{ into an orthogonal sum of sub-
spaces, invariant with respect to the unitary group of the space translations
{u,,seZ:

Hi =R, ®R,, 43)
where
Ry ={fr(00).IN=2},  Ro={fir(on). IT|>3}.

The decomposition (43) generates the matrix representation for the restric-
tion of 7 on H#;:

I I
21 22

Lemma 3. For small enough f the operator  ;;' exists and

A C
17 3 < —3 (45)

B*
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In addition
max{[ Ty, 1, |72} < C,B° (46)

with constants C,, C,.

The proof is given in Appendix B.

Now we are again under conditions of Lemma 1 with ¢ = O(f),
e¢=(0(p). Consequently, the operator S: R, > R, with a small norm
||§|| < Cp exists, and the unique invariant subspace % of the form (25)
could be constructed with the help of S.

By Corﬁollar}i 3 the operator 7, =7 |, has the same spectrum as the
operator (J;; +77,5) on R,. Using the estimates (45) and (46) and the
representations (66) and (67) for J;, (see Appendix B) one could easy see
that the spectrum of 7, is concentrated in Cf3-neighborhoods of the points
dip*and ld,p>

We denote by 5 the orthogonal complement to 5%;:

Hy=Hi QM= (H' O H)O H.

Using the results of Corollary 4 we get that the spectrum of the operator
T |, is the same as the spectrum of the operator (7, —,,5) on R,. The
bounds (45), (46) imply that

0'(3-|yf3) c (—62/33, 52ﬂ3)

with a constant C, > 0.

4.2. Decomposition (41)

Using the construction of 5 and Corollary 2 we have, that the
functions

¥r(o,) = (Ez, +S*S)7' 8 (0 (00) + 8% (00)), A7)

I:|r=2

marked by multi-indices I” with |I'| =2, form an orthonormal basis in 7.
Let us consider a decomposition of 5 on two orthogonal subspaces:

#=R ®R,, (48)

where R, is the linear span of the basis functions (47), marked by I" with
supp I' = {x} = ¥, and k(x) = 2; R, is the linear span of the basis functions
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(47), marked by I" with supp I'={x, y} = ¥, y # x and k(x) =k(y)=1.
The decomposition (48) implies as above the matrix representation for

T |-
2
,9—| _ eO/~11 ‘/12 )
‘% - ~ ~
F\Ta Iy

Lemma 4. For small enough f and di #1d, the following repre-
sentations hold:

In= % dzﬁzERI +Z1’ jgz = d%ﬁzERZ +Z2- (49)
In addition
max{||L,|l, |Z, 1, |70, | Z]l} < CB° (50)

Here the constants d,, d, were defined by (7), C is an absolute constant.

The proof is given in Appendix C.

Let us assume d; <1d,. The case di >1d, could be considered by the
similar way. The representations (49) and the estimate (50) imply the exis-
tence of the inverse operators 7 1|, J 5, with the following norms:

~ 2 ~ 1
I7RI<ZE1+CR, W< p+GH (5
2 1

with absolute constants C;, j = 1, 2. From (49)—(51) it follows that for small
enough f the conditions of Lemma 1 are fulfilled:

2

~ ~ 2d
||%z||~||9'ﬂlll=q<d—l+(9(ﬁ)<1 and e¢<Cp
2

with a constant C. Consequently we can find as above the operator
S: R, > R, and the subspace #{ of the form (25), “close” to R, and
invariant with respect to the operators 4 and {%,}. By analogy with above
reasoning the spectrum of the operator 77, (which is the same as the
spectrum of the operator (7,, +7,,8) in R,) occupies a C, #*-neighborhood
of the point 1 d,5*

0(7|xg>) < (% d2ﬁ2_C2 3: % d2ﬁ2+czﬂ3)- (52)

The orthogonal complement to #{":

(,}i’gl))l=J{§@jf§1)z,}f§”=ﬁ2@(—§*§2), §*: Ez_’§1
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is also invariant with respect to Z and {%,}. Using as above Corollary 4
with (49) and (50) we obtain that the spectrum of the operator 77|, is in
a C, B*-neighborhood of the point d3 %

o(T 1) = (dif>—C:p°, dif>+Cs ), (33)

so that for small enough f the spectra (52) and (53) are not overlapping.
The theorem is proven.

APPENDIX A. THE PROOF OF LEMMA 2

In what follows we will exploit a general formula giving the expression
for moments by way of semi-invariants of the free field (see, for instance,
refs. 4 and 10). For small enough £ and any bounded function F on Q we
have:

<F>Hﬂ = Z 0

m=0

MY ey o e ><F’ O Oy 5eees O, Oy Dy (54)
X V125 KX, Y2050 KXpps Vi

Let us consider the following cases.

1. If || =|I"|=1 with supp I = {x} € Y}, supp "' = {y} € ¥, then
in the designations of the formulas (21) and (22) we have

I, Iyzdd)=|x—yl=>1,
and

(TYr, ¥r) <G BCHF1! (55)

with absolute constants C;, C. In addition using the formulas (11), (12),
and (54) we get

(7701(00), 51(09)) = <B1(01) - 01(00)),,
= v, (01(x)) - v;(04(x)), 04(x) Gl(x)>,u0 + (Q(ﬂ3)
= p<v1(a0(x)) - 05 (x)> 7, +O(?)

= B(m,—m,)+O(B*) = d, f+ O(B?). (56)
2. If|I| =1, || >2, then &I, I'") >2, and
(TYr, ¥r) SCBHCH* T2 (57)

with constants C,, C.
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3. If|I||=2,|II"|| =2, then &I, I'") > 2, and
(TYr, ¥r) SCBHCHHD2 (58)
with constants C;, C.

To study the operator 7 ;] we notice that (55) and (56) imply the
following representation for the operator J;:

Ty =d\BEr + 71,  I1Tull < Cop% (59)

where Ep is the identity operator in R,. Hence for small enough § the
operator ;' exists and it could be written as

a1
11 _dlﬂ

N

(Er, +T0) (60)

with ||7;|| < C, B, C, is an absolute constant. Now (60) implies the estimate
(36).

Finally using the same reasoning as in refs. 3 and 4, we could show
that the estimates (57) and (58) imply the convergence of the corresponding
series providing the estimates (37).

Lemma 2 is proven.

APPENDIX B. THE PROOF OF LEMMA 3

The proof is analogous to the proof of Lemma 2. It is based on the
bound (22) (under notations (20) and (21)) for matrix elements of J and
the reasoning from refs. 3 and 4. First we consider matrix elements of the
form

Gilrr) =T, ¥r)  with I =|"|=2.
The set of all multi-indices I” with |I"| = 2 is divided into two families:

V1={|F1|=2 Supprl={x},chO,k(x)=2}, (61)
y2 = {5l =2:supp I, = {x, y} < Yo, x # y, k(x) = k(y) = 1}.

Let us consider the following cases.

1. If I" ey, then using (54), (42), (11)—(13) and the estimates on the
operators S, S* (see Section 3) we have:
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(T, ¥r) = Pr(01) - ¥r(00)>,, = F3(01) - 55(00) >y, + O(S°)
= % v3(01) - v3(00), 0(x) 01(x), 5o (x) 71(x)),,, +O(B*)

2
d.
=B witon a3y, + o) =% o). G)
2. It I, I'"ey, #1I", then (I, I"") >4 and the cluster estimate
(22) implies that
(TYr, ¥r) < LCH*. (63)

3. If I € y,, then as above in the case 1 we have:

(TUr>¥r) = Pr(1) - ¥r(00)),,
= (B7(01)(0,) 51 (005 (00) Y., + O(B*)
= /32<Uf(0'1) v1(oy) W, 0o(x) 0,(x), 5o(y) 0'1()’»;[0
+O0(B%)
= fXvi(00)-00(x));, +O(B*) = di >+ O(B). (64)

4 If r,r'ey, I' £I' or I'ey,, I"" €y,, then the cluster estimate
(22) implies

(T, ¥r) < B(CP). (65)

Taking into account the expressions (20) and (gl) for &(I°, I'') we obtain
from (62)—(65) the following representation for ;;:

(jil)l“,l“’ =a(l’) 5r,r' +M1",1"', || =|I""| =2, (66)
where

d
B i Tey,

a(I') = (67)

d%ﬁzs lf FeyZa

and M is an operator in R, with a small norm: |M]| < Cp3, C is a constant.
Consequently the operator J ;' exists and

(1+C,p) 2 1
St}

with a constant C,. The estimate (45) is proven.

[T [ES
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To obtain the bound (46) we use the representation (42) for the func-
tions V., the estimates on the norms ||S|, ||S*| and the cluster estimate
(22) on the matrix elements (7Y, Y»), when |I'| =2, |I'| >3 or |I'| =3,
[I’| = 3. We have in both cases

&r,r)=3,
so that finally the estimate (46) follows from (20) and (21).

Lemma 3 is proven.

APPENDIX C. THE PROOF OF LEMMA 4

Using the representation (47) and the estimates on the norms of the

operators S, S* it is easy to see, that the functions I/IF, |[I|=2, are a

“small” perturbation of the corresponding functions /., |I'| = 2. Conse-
quently the results (62)—(65) of Appendix B imply that if I" € y,, then

(j-nl;ra‘;r)z(g'$ra$F)+(9(ﬁ3)=%d2ﬁ2+(0(ﬂ3); (68)
if I" € y,, then

(T 2¥rsUr) = (TUr, Yr) +O(B%) = d1 2+ O(B); (69)
if ' # I'', then
(Tr, ¥r) <BCPTT with &I, T7") >3, (70)

B, C are absolute constants.
Now the representations (49) follows from (68)-(70). The estimates
(50) could be proven by the similar manner as above in Appendix B.
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